We develop the representation of bulk fields with spin one and spin two in anti-de Sitter space, as non-local observables in the dual CFT. Working in holographic gauge in the bulk, at leading order in 1/N bulk gauge fields are obtained by smearing boundary currents over a sphere on the complexified boundary, while linearized metric fluctuations are obtained by smearing the boundary stress tensor over a ball. This representation respects AdS covariance up to a compensating gauge transformation. We also consider massive vector fields, where the bulk field is obtained by smearing a non-conserved current. We compute bulk two-point functions and show that bulk locality is respected. We show how to include interactions of massive vectors using 1/N perturbation theory, and we comment on the issue of general backgrounds.
Introduction
The question of locality and causality in quantum gravity is an old and unresolved issue. AdS/CFT implies that at best locality and causality are approximate notions. However it is vital to understand in what situations and in what way the notion of bulk locality arises. One approach to this issue, pursued since the early days of AdS/CFT, is to construct operators in the CFT which can mimic the local field operators of bulk supergravity.
In [1, 2, 3, 4] free scalar fields in the bulk were expressed as CFT operators, and it was shown that bulk locality was obeyed in the leading large-N limit. This approach was refined to obtain CFT expressions that are covariant and convenient in [5, 6, 7] . In particular it was shown that one can represent bulk scalar fields as smeared operators in the CFT, where the smearing has support on a ball on the complexified boundary. In [8] it was shown that for scalar fields this construction can be extended include interactions using 1/N perturbation theory. The construction of bulk operators in asymptotically AdS spacetimes has been further extended and clarified in [9] .
In this paper we build upon two approaches that have been successfully used to construct scalar fields in the bulk.
1. Given a bulk Lagrangian one can solve the bulk equations of motion perturbatively, to express the Heisenberg picture field operators in terms of boundary data. This leads to an expression for the bulk field as a sum of smeared CFT operators. The bulk operator constructed in this way of course respects locality, assuming one starts from a local Lagrangian in the bulk, but the construction seems tied to knowing the bulk equations of motion.
2. Alternatively one can start in the CFT with a candidate bulk operator, constructed by solving free equations of motion, then demand that bulk micro-causality holds at the level of three point functions. This can be achieved order-by-order in the 1/N expansion, by modifying the definition of the bulk field in the CFT to include a sum of appropriatelysmeared higher dimension operators. In this construction the guiding principle is bulk micro-causality.
The later construction can be carried out fully inside the CFT, without knowing the bulk Lagrangian. Hence it may enable one to see the limitations of bulk perturbation theory, and understand the way in which micro-causality breaks down at the non-perturbative level. A difficulty of extending the second approach to gauge fields is that the correct statement of bulk microcausality is necessarily somewhat subtle [9] .
An outline of this paper is as follows. In the first part of this paper we extend the program of [5, 6, 7] to free fields with spin one and spin two. A closely related construction has been carried out by Heemskerk [10] . In section 2 we derive the smearing function for a bulk gauge field and show that it is covariant under conformal transformations. We compute the bulkto-boundary two point function and show that, although the gauge field does not obey micro-causality, the corresponding field strength does. In section 3 we obtain analogous results for gravity: we work out the smearing function for a graviton and show that the graviton has non-local correlators. In the context of gravity it is the Weyl tensor that obeys bulk micro-causality. In section 4 we derive the smearing function for a massive vector field, and show that a massive vector directly obeys micro-causality. The helps clarify the relation between gauge symmetry and locality.
In the second part of this paper we discuss interactions and general backgrounds. In section 5 we show how to extend the definition of a massive vector field in the bulk to include interactions, using perturbation theory in 1/N , and we discuss the difficulty with gauge fields resulting from the existence of conserved charges. In section 6 we provide a framework for extending the construction to general backgrounds and for going beyond the approximation of having a fixed background. We also explain the necessary conditions for the existence of approximately local operators in the bulk.
Gauge smearing functions
In this section we develop the representation of an abelian bulk gauge field as a non-local observable in the dual CFT. Our basic result is given in (4) below: the bulk gauge field at a point (x, z) in the bulk is obtained by integrating the boundary current over a sphere of radius z on the complexified boundary.
Our conventions are as follows. We work in Poincaré coordinates in AdS d+1 with metric
The boundary at z = 0 carries a flat Minkowski metric, η µν = diag(−+· · · +). Boundary indices µ, ν are raised and lowered with η µν .
Our goal is to solve the source-free Maxwell equations in the bulk, ∇ M F M N = 0, with the boundary conditions
The factor d − 2 is inserted for later convenience.
1 From the bulk perspective this defines j µ (x) as the coefficient of the leading small-z behavior of the bulk field. But in the dual CFT j µ (x) is interpreted as a conserved current. So if we can solve for the bulk field in terms of its near-boundary behavior, via a kernel of the form
then we will have succeeded in representing the bulk gauge field as a nonlocal observable in the dual CFT. We'll refer to K M µ as a smearing function, although as we'll see below, smearing distribution might be more appropriate.
A few comments are in order.
• The smearing function we are after should not be confused with Witten's bulk-to-boundary propagator, which relates a non-normalizeable field in the bulk to a source in the dual CFT [11] . Rather we wish to express a normalizeable field in the bulk in terms of an operator in the CFT.
• The AdS boundary is timelike, so this is not a standard Cauchy problem. Nonetheless, in all cases of interest, it seems an explicit solution is possible. There is some discussion of this fact in [9] . Also note that we will construct smearing functions with compact support on the complexified boundary, along the lines of [7] . For a construction with support on a real section of the boundary see [10] .
Of course the CFT doesn't know about bulk gauge symmetries -it only sees global conservation laws -so in order to reconstruct a bulk gauge field we will need to make some choice of gauge in the bulk. It's convenient to work in "holographic gauge" and set
This allows a residual gauge freedom
where the gauge parameter λ is independent of z. The equation of motion from varying A z is
Thus ∂ µ A µ is independent of z, and we can use a residual gauge transformation to set ∂ µ A µ = 0 everywhere. 2 The remaining Maxwell equations then simplify to
This shows that each component of φ obeys the usual scalar wave equation, 4 and from the mass term we can read off
Although tachyonic, the scalar satisfies the BF bound [12] . It is dual to an operator of conformal dimension
The normalizeable near-boundary behavior for such a scalar field is
2 From the CFT point of view this is guaranteed by the boundary conditions at z = 0, where the bulk gauge field approaches a conserved current in the CFT.
3 This amounts to expressing the gauge field in a vielbein basis, setting A a = e a µ A µ where e a µ = z R δ a µ . 4 The mass term actually represents a non-minimal coupling to curvature, ( + ξR) φ = 0 where
In appendix A we show how to construct a smearing function for such a scalar field. The result, given in (107), can be used to represent a bulk gauge field in terms of the boundary current.
Here we're splitting the boundary coordinates x µ = (t; x) into a time coordinate t and d − 1 spatial coordinates x. Note that the boundary current is evaluated at complex values of the spatial coordinates. The integral is over a sphere of radius z on the complexified boundary, with the center of the sphere located at (t; x).
The basic claim is that (4) gives a gauge field that satisfies Maxwell's equations and has the boundary behavior
The fact that A µ satisfies Maxwell's equations follows from appendix A, while the boundary conditions are easy to check. As z → 0 the integration region shrinks to a point, so we can bring the current outside the integral; the factors of vol(S d−1 ) cancel and we're left with (5). The corresponding field strength then satisfies (1). This is one nice feature of working on the complexified boundary: it's manifest that local fields in the bulk go over to local operators in the CFT, in the limit that the bulk point approaches the boundary.
Finally note that (4) can be written in a covariant form. The invariant distance between two points in AdS is
The invariant distance diverges as z → 0. However we can define a regulated bulk -boundary distance
In terms of σz , the smearing integral (4) can be written as
AdS covariance for gauge fields
It's instructive to check that the smearing function (7) behaves covariantly under conformal transformations. First note that it's manifestly covariant under Poincaré transformations of the x µ coordinates. Under a dilation, which corresponds to the bulk isometry
Thus holographic gauge is preserved, A z = 0, and the quantity zA µ appearing on the left hand side of (7) transforms like a scalar. This is consistent with the right hand side of (7), since under a dilation d d x has dimension −d, δ(σz ) has dimension 1, and j µ has dimension d − 1.
Special conformal transformations are a little more subtle. These correspond to the bulk isometry
Starting from holographic gauge A z = 0 and working to first order in b µ we find
So holographic gauge isn't preserved. To restore it we make a compensating gauge transformation A → A + dλ where
The gauge parameter λ has been chosen so that
and
The gauge transformation restores holographic gauge, A z = 0, while combining (11) and (13) we find
Current conservation implies d d x θ(σz ) ∂ µ j µ = 0, which after integrating by parts means
So we can replace x with x in the last term of (16) to obtain
This establishes how the left hand side of (7) behaves under a special conformal transformation. Now let's look at the right hand side. Under a special conformal transformation
a vector of dimension ∆ transforms according to
The measure d d x δ(σz ) has dimension 1 − d and transforms according to
Combining (20) and (21) for ∆ = d − 1 reproduces the transformation seen in (18) .
This shows explicitly that the smearing function we have defined behaves covariantly under conformal transformations. Indeed it seems that, aside from the freedom to choose a different gauge in the bulk, the smearing function is uniquely fixed by the requirement of AdS covariance, at least if one works on the complexified boundary. This means that, even though we derived the smearing function by solving Maxwell's equations, it actually has a more general scope of validity. It can be used whenever one seeks a linear map from a conserved current on the boundary to a gauge field in the bulk.
Two-point functions and bulk causality for gauge fields
In this section we use the smearing functions we have constructed to study bulk locality and causality for gauge fields. Since we are working at leading order in the 1/N expansion of the CFT, we are restricted to studying bulk physics at the level of two-point functions. We consider two basic cases: in section 2.2.1 we consider Chern-Simons theory in AdS 3 , and in section 2.2.2 we consider Maxwell theory in AdS 4 and higher.
Chern-Simons fields in AdS 3
AdS 3 is something of a special case, since a conserved current in the CFT is dual to a Chern-Simons gauge field in the bulk [13] . Fortunately we can still use our smearing functions in this context, since they're essentially fixed by AdS covariance.
From the smearing function (4) we have
It's convenient to introduce light-front coordinates x ± = t ± x and write the AdS 3 metric as
For concreteness consider a CFT with a right-moving abelian current j − = j − (x − ). We assume the left-moving current vanishes, j + = 0. Then the only non-trivial smearing integral is
Defining ξ = e iθ the contour integral picks up the pole at ξ = 0 and gives
. So a right-moving current in the CFT is dual to a bulk gauge field
This is the world's simplest example of holography: the boundary current is lifted to be z-independent, and declared to be a gauge field in the bulk.
Although "reading the hologram" in this case is almost trivial, there are a few things to check. First of all, (23) defines a flat gauge field in AdS, which satisfies the Chern-Simons equations of motion.
5 Working backwards, the boundary conditions on the gauge field are a bit different from (1), since we have
We can use this framework to compute 2-point functions in the bulk. The boundary correlator is fixed by conformal invariance. With a Wightman i prescription
where k is the level of the current algebra. This lifts to a bulk correlator
Note that the bulk 2-point function is independent of x + and z, which is perhaps not so surprising in a topological theory.
We can also study bulk locality and causality in this framework. The correlator (24) implies that the CFT currents obey the standard current algebra
This lifts to a bulk commutator
This bulk commutator is clearly non-local, being independent of both x + and z. But causality is respected: the field strength vanishes, so all local gaugeinvariant quantities obey causal (in fact trivial) commutation relations.
We obtained these results by applying our smearing functions to the current algebra on the boundary. In appendix B we show that they can also be obtained from the bulk point of view, by quantizing Chern-Simons theory in holographic gauge.
Maxwell fields in AdS 4 and higher
We now consider Maxwell fields in AdS 4 and higher, where a bulk gauge field obeying Maxwell's equations is dual to a conserved current on the boundary. Our starting point is the current -current correlator in a d-dimensional CFT,
Up to an overall normalization, this correlator is fixed by current conservation and conformal invariance. We will be interested in Wightman correlators, defined by the i prescription
Our goal is to apply the smearing function (4) to the first operator in (26) , to obtain a bulk -boundary correlator
To deal with the vector indices it's useful to write the current -current correlator in the form
Applying the smearing function (4) gives the bulk -boundary correlator in terms of two scalar integrals,
where
The integral is over a (d − 1)-sphere of radius z on the boundary. We write the metric on this sphere as
Here −z < y < z and dΩ
To take advantage of spherical symmetry on S d−2 we work at spacelike separation in the x 1 direction, setting
Then I n reduces to a one-dimensional integral.
I n = 2π
The prescription for defining this integral is to begin at large spacelike separation, x 0, where the operators are well-separated on the boundary and the integral is well-defined. It can be extended to smaller values of x by analytic continuation, as described in Fig. 1 . This prescription gives I n in terms of a hypergeometric function.
When n = 1 this reduces to
Note that I 1 is only singular on the bulk lightcone, at x 2 + z 2 = 0. It has an AdS-covariant form, with
. These properties could have been anticipated since, up to an overall coefficient, I 1 is the bulk -boundary correlator for a scalar field with dimension ∆ = d − 1.
We are also interested in n = 2. In any given dimension I 2 can be reduced to elementary functions, see for example Table 1 , however the expressions become unwieldy as d increases. For our purposes a key observation is that I 2 is singular on the boundary lightcone, with
I 2 is also singular on the bulk lightcone, at
Bulk -boundary correlators follow from (27) and (29). For example in AdS 4 we find
Figure 1: Integration contour for I n . At large spacelike separation the pole is far up the imaginary axis. The pole moves down and crosses the integration contour when x = z; one can continue to smaller values of x by deforming the contour. The integral may be singular when x → 0 + and the pole moves to −i∞. There are singularities when x → ±iz and the pole hits an endpoint of the integration contour. Explicit expressions in higher dimensions become rather unwieldy. In general the A -j correlators inherit the singularity structure of I 2 : they are singular on the boundary lightcone x 2 = 0, as well as on the bulk lightcone x 2 +z 2 = 0. Correlators involving field strengths are both simpler and better behaved. In any dimension we find
Note that F -j correlators are only singular on the bulk lightcone.
Finally we can use these results to discuss bulk locality and causality. The expectation value of a commutator [A µ (t, x, z), j ν (0)] is given by the difference in the prescriptions t → t − i and t → t + i . It follows that the commutator of a bulk gauge field with a boundary current is non-zero at lightlike separation on the boundary. Lightlike separation on the boundary implies spacelike separation in the bulk, so we appear to have non-local or acausal correlators. Of course there is no real violation of causality here, since A -j correlators are gauge dependent. For Maxwell fields we can test causality by looking at gauge-invariant quantities, and indeed field strengths have causal correlators: they commute with the boundary currents at bulk spacelike separation.
Graviton smearing functions
We now turn our attention to constructing a smearing function that describes a fluctuation of the bulk metric. To this end we consider a linearized perturbation of the AdS metric,
R 2 h µν Here we are working in "holographic gauge" (or Fefferman -Graham coordinates [16] ) in which g zz = g zµ = 0
The source-free Einstein equations in this coordinate system can be found in [17] . 7 Working to linear order in h µν the zz, the zν, and the trace of the µν components of the Einstein equations read
Here h ≡ h µ µ . The only solution to this system of equations compatible with normalizeable behavior as z → 0 is to set
Thus h µν is traceless and conserved, which enables us to consistently identify its boundary behavior with the stress tensor of the CFT.
It only remains to solve the µν components of the Einstein equations, which given (36) can be simplified to
Following the procedure that worked for Maxwell fields, we define φ µν = z 2 h µν and find that
That is, each component of φ µν obeys the massless scalar wave equation. A massless scalar is dual to an operator of dimension ∆ = d in the CFT, and has the asymptotic fall-off
Ref. [17] uses ρ = z 2 /R 2 as a radial coordinate. 8 To see this note that (34) implies
To avoid this non-normalizeable behavior we must set ∂ µ h µν − ∂ ν h = 0. The divergence of this equation means the last term in (35) drops out. Then the difference of (33) and (35) gives ∂ z + 2 z h = 0 which requires that we set h = 0.
9 This amounts to working in a vielbein basis, h ab = e a µ e b ν h µν where e a µ = z R δ a µ .
We identify T µν with the stress tensor of the CFT. To reconstruct the bulk metric perturbation from the stress tensor we use the scalar smearing function (100) given in appendix A. Setting ∆ = d, this gives
Thus the bulk metric perturbation is obtained by smearing the stress tensor over a ball of radius z on the complexified boundary.
AdS covariance
It's instructive to check that the smearing function (37) respects AdS covariance. We will be somewhat brief, since the steps are very similar to those in section 2.1. Covariance under Poincaré transformations of x µ is manifest. A dilation corresponds to the bulk isometry
Holographic gauge is preserved since h zz = h zµ = 0, while the combination z 2 h µν which appears on the left hand side of (37) transforms like a scalar. This matches the behavior of the right hand side: the stress tensor has dimension d, while the measure
Special conformal transformations are a little more involved. A special conformal transformation corresponds to an infinitesimal bulk isometry
Under this isometry
Holographic gauge isn't preserved, so to restore it we make a compensating diffeomorphism x µ → x µ + µ (x, z), under which
The appropriate diffeomorphism is
for which
This restores holographic gauge. Combining (38) and (40) we find
This means we can replace x α with x α in (41), to obtain the transformation of the left hand side of (37). The result exactly matches the transformation of the right hand side, since under a special conformal transformation
The last term cancels the transformation of the measure d d x θ(σz ).
Two-point functions and bulk causality for gravity
We now use the smearing functions we have constructed to compute 2-point functions for the graviton. We consider gravity in AdS 3 in section 3.2.1, and gravity in AdS 4 and higher in section 3.2.2.
Gravity in AdS 3
AdS 3 is special because there is no propagating graviton [18] . Rather the bulk curvature is completely determined by the vacuum Einstein equations
where the cosmological constant Λ = −d(d − 1)/R 2 . This uniquely fixes the geometry. So in AdS 3 we expect the smearing function to generate a metric perturbation which corresponds to an infinitesimal (but non-normalizeable) diffeomorphism of the background AdS metric.
We work in light-front coordinates x ± = t ± x and write the perturbed AdS metric as
From the smearing function (37) we have for instance
Since T −− only depends on x − this becomes (t = r sin θ, y = r cos θ)
Defining ξ = e iθ the contour integral picks up the pole at ξ = 0 and ends up giving h −− = T −− . So at the linearized level a stress tensor in the CFT corresponds to a bulk metric perturbation
This provides a remarkably simple example of holography: the boundary stress tensor is lifted to be z-independent and re-interpreted as a metric perturbation in the bulk. Not surprisingly, this is very reminiscent of the Chern-Simons correspondence (23) .
We can use this to compute the bulk 2-point function for the graviton. For instance the CFT 2-point function
lifts to a bulk correlator
Here we have used a Wightman i prescription and c is the central charge of the CFT.
To study bulk locality and causality in this framework, note that the CFT correlator (47) corresponds to a Virasoro algebra
This lifts to the bulk commutator
Metric perturbations in the bulk have non-local commutators; this behavior is acceptable since metric perturbations are coordinate dependent. One might ask if there is a quantity -analogous to the field strength for a gauge field -which obeys causal commutation relations. In the next section we will claim that, for gravity, such a quantity is provided by the Weyl tensor. This claim becomes vacuous in three dimensions since the Weyl tensor vanishes identically.
We began this section by recalling that the source-free Einstein equations fix the bulk geometry to be pure AdS. So to complete the story, one might ask for a coordinate transformation which brings the perturbed metric (43), (46) back to the canonical form
Note that the transformation does not vanish at the boundary, so it does not correspond to a (normalizeable) gauge symmetry of the bulk theory.
Gravity in AdS 4 and higher
Our starting point for gravity in AdS 4 and higher is the 2-point function of the stress tensor in a general CFT. Up to an overall coefficient proportional to the central charge, this has the form
where we've introduced
Up to an overall normalization this correlator is uniquely determined by requiring that the stress tensor be traceless and conserved with the correct scaling dimension. Applying the smearing function (37) gives the bulkboundary correlator 
Note that J n is related to the integral (28) we encountered for gauge fields,
Integrating (29) gives
In general J n has singularities on both the boundary lightcone (where x 2 = 0) and the bulk lightcone (where x 2 + z 2 = 0). The case n = 0 is an exception to this general rule, since
J 0 is only singular on the bulk lightcone, and in fact has an AdS-covariant form J 0 ∼ 1/(σz ) d . This was to be expected since, up to an overall normalization, J 0 is the bulk -boundary correlator for a massless scalar field. Some other cases of interest can be found in table 2.
At this stage we have an expression for the h -T correlator in terms of differential operators acting on J n 's. We will stop here, since explicitly evaluating the derivatives in (51) leads to lengthy expressions. But one important observation we can make is that the h -T correlator inherits the singularity structure of J 1 and J 2 : it has singularities on both the bulk and boundary lightcones. This means the commutator [h µν (t, x, z), T αβ (0)] will be non-zero at lightlike separation on the boundary (where x 2 = 0), even though this corresponds to spacelike separation in the bulk (since x 2 + z 2 > 0). This shows that in holographic gauge metric perturbations have acausal commutators. This is acceptable because the commutator is gauge dependent.
This raises an interesting question, whether there is a quantity one can define in linearized gravity which obeys causal commutation relations. That is, whether there is something analogous to the Maxwell field strength F µν , which as we saw in (31) has correlators that are only singular on the bulk lightcone. At first one might think the gravitational analog is provided by the Riemann tensor. However this can't be right: perturbing the sourcefree Einstein equations (42) shows that δR µν = − d R 2 h µν . Since we've already shown that the metric perturbation has acausal commutators, the same must be true for the Ricci tensor.
This suggests that we split off the Ricci part of the curvature and work with the Weyl tensor. In fact the Weyl tensor commutes with the boundary stress tensor at bulk spacelike separation. We will show this in two ways: first by an intuitive argument, then by an explicit calculation in holographic gauge.
The intuitive argument runs as follows. Imagine quantizing the bulk theory perturbatively using a covariant gauge condition. Then locality would be manifest, and all fields (including the metric perturbation) would obey canonical local commutation relations. It follows that in covariant gauge the Weyl tensor commutes with the boundary stress tensor at spacelike separation. But since the Weyl tensor transforms homogeneously under changes of coordinates, if the commutator vanishes in covariant gauge it should also vanish in holographic gauge.
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The explicit calculation proceeds as follows. Linearizing around an AdS background the non-trivial components of the Weyl tensor are
Here φ αβ = z 2 h αβ , and we have used the fact that φ αβ obeys the massless scalar wave equation
The remaining components of the Weyl tensor C zβzδ are not independent by the trace-free condition.
In principle it is straightforward to compute C -T correlators. Consider for example z 2 C zβγδ (x)T ρσ (0) . Using the φ -T correlator (51) and the operators (50) one obtains a rather long expression. However many terms drop out when antisymmetrized on γ and δ. What survives has the form ('stuff' meaning metrics and derivatives tangent to the boundary)
As we saw in (30) I 1 is analytic on the boundary lightcone. It turns out that I 0 is also analytic at x 2 = 0:
So the correlator (55) is analytic at x 2 = 0, and C zβγδ obeys causal commutation relations with the boundary stress tensor. Now consider z 2 C αβγδ (x)T ρσ (0) . Again one obtains a rather long expression. However many terms drop out when antisymmetrized on α and β, transforms homogeneously. It follows that, at the linearized level, the Weyl tensor is gauge invariant around an AdS background.
or on γ and δ. Also many terms involve either J 0 , I 0 or I 1 which we know are analytic at x 2 = 0. Dropping all such contributions, up to an overall coefficient we find that only two terms survive:
With the help of one of Gauss' recursion relations for hypergeometric functions one can show that the quantity in parenthesis is
This is analytic on the boundary lightcone, so C αβγδ obeys causal commutation relations with the boundary stress tensor.
Massive vector fields
In this section we derive the smearing function for a massive vector. Our starting point is the Lagrangian for a massive vector field in Lorentzian AdS d+1 .
The equations of motion
Decomposing A M = (A z , A µ ), the equations of motion for A z are
This is identical to the equation of motion for a scalar field with (mass) 2 = m 2 − d + 1. For the other components one has (defining φ µ = zA µ )
and define the boundary value of A z by
The equation of motion for A z can be solved in the same way as for a scalar field (see appendix A)
What is the boundary value of A 0 z in terms of CFT data? Since
and inserting this in (59) gives
So A 0 z is sourced by the divergence of the boundary current.
Now let's solve (61). First note that a solution to the homogeneous equation (60) can be expanded in modes as
where ν = ∆ − d/2 and J ν (y) is a Bessel function. A similar solution would hold for (61) if the right hand side was zero. The complete solution to (61) can then be written in the form [20] 
Now from the boundary behavior of A z one has
and since the term proportional to a z ωk in (66) is subleading as z → 0 one also has
By inserting the expressions for a µ ωk and a z ωk into (66) one gets an expression for the bulk field in terms of boundary data. The first term looks just like the smearing function for a scalar field of dimension ∆, while the second term (aside from a factor
) is just the smearing function for a scalar field of dimension ∆ + 1 [7] . As a result we get the following expression
More explicitly
Two-point functions and bulk causality
In this section we compute the two point function of a massive vector. The CFT two point function for a spin-1 field is
It can also be written in the form
Since our expression for the bulk operator involves the divergence of the current we will also need
The correlator of a bulk field A z with a boundary current j ν is easy to read off from the smearing function for A z , which as we showed is just the smearing function of a scalar field of dimension ∆. Since A z (x) =
We use the integrals
to find
Then we use the identity
and restore Lorentz invariance to find
(79) Note that the final answer is only non-analytic on the bulk lightcone. This however was achieved by a cancellation of terms that are non-analytic on the boundary lightcone between f ∆ and f ∆+1 . So the locality of a massive vector field in the bulk is made possible by the fact that the dual boundary current isn't conserved, which allowed us to cancel non-analytic terms in the correlator. This mechanism is not available for a gauge field since it is dual to a conserved current.
Interactions
In this section we make some remarks on constructing bulk operators at higher orders in 1/N . For scalar fields it was shown in [8] that one can construct interacting local bulk fields without any knowledge of the bulk Lagrangian. Rather, by adopting bulk micro-causality as a guiding principle, one can construct the appropriate bulk operators just from knowing CFT correlators. Here we show that something similar can be done for a massive vector field in AdS 3 : a local bulk operator can be constructed, even in the presence of interactions. However for a gauge field in AdS 3 we show that the analogous procedure breaks down. In this section, to avoid notational complexity, we denote
Up to an overall coefficient, the three point function of three primary operators in a two dimensional CFT is
Here w ij = w i − w j . Let us for simplicity assume that O 2 and O 3 are scalar operators so h 2 =h 2 and h 3 =h 3 , but O 1 has spin 1 with h 1 =h 1 + 1. To explore bulk locality we smear O 2 into a bulk operator using the free field smearing function
We can get the CFT three point function with h 1 → h 1 +1 (as long as h 1 = 0) by acting on a three point correlator with the operator
So the result for h 1 =h 1 + 1 can be gotten from the result for h 1 =h 1 by acting with the operator (82). The situation with h 1 =h 1 was analyzed in [8] .
It was found that for scalar operators one can add a series of appropriately smeared higher dimension scalar operators that will cancel the causalityviolating terms in the three point function.
Here we see that this is still true if one of the boundary operator has spin. Note however that for the special case of conserved current (meaning h = 0,h = 1 or h = 1,h = 0) this argument does not apply. This is not only because acting with the operator (82) is not possible, but also because if O 1 is a conserved current then Ward identities restrict its three point function. For instance for a conserved current the three point function will vanish unless the two pointA similar result holds for A n−1,n by replacing w →w. The quantity in parenthesis in (88) is non-analytic due to terms of the form
with n ≥ m ≥ 1.
Suppose we have a massless gauge field in the bulk. The singular term in (84) leads to a non-vanishing commutator at bulk spacelike separation, and must be canceled if the gauge field is to commute at spacelike separation. But given the structure (89) there is no massive vector we can add to our definition of a bulk gauge field that will cancel the divergent term in (84). This means that it is not possible to promote a boundary conserved current to a local bulk field.
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On the other hand, starting from a non-conserved current in the CFT, there is no obstacle to restoring bulk locality. One can cancel non-analytic terms of the form (89) by adding a tower of higher-dimension spin-1 fields with appropriately chosen masses and coefficients to our definition of a bulk vector field. This will leave a non-analytic term of the form
where n max the largest n used in the sum over higher dimension primaries. So, just as in the scalar case [8] , we can make a massive vector field in the bulk as local as we wish.
A comment on gauge fields
If there is a gauge symmetry in the bulk, i.e. a conserved current on the boundary, the issue of constructing bulk operators become a bit more involved. Of course one could start from the bulk equations of motion and solve them perturbatively, to express bulk fields in terms of boundary data. If one starts from a local bulk Lagrangian, this procedure is guaranteed to describe a local theory in the bulk (at least perturbatively). But if one wants to construct bulk operators purely in terms of the CFT, without making reference to bulk equations of motion, then having bulk gauge symmetries complicates matters. If there is a gauge symmetry in the bulk then the corresponding charge can be expressed as a surface term and identified with a conserved quantity in the CFT. The charge generates global gauge transformations, so as discussed in [9, 10] , charged fields in the bulk must have non-local commutators in order to properly implement the Gauss constraint. In the context of gravity this discussion applies to time evolution, since the CFT Hamilton should generate time translation everywhere in the bulk. While these non-local commutators do not actually violate causality, they do complicate the CFT construction, in the sense that the guiding principle of bulk causality must be stated more carefully. It's tempting to speculate that the good causal properties we found for the field strength and Weyl tensor at the linearized level can provide a basis for constructing the interacting theory, at least in perturbation theory.
General backgrounds
In a given fixed background one can solve the bulk equations of motion perturbatively, to write an expression for the Heisenberg picture fields in the bulk in terms of the boundary values of those same fields, now interpreted as operators in the dual CFT. Correlation function of these CFT operators then reproduce bulk correlation functions. The computations are done from the bulk point of view in a particular gauge G zµ = 0, G zz = R 2 /z 2 . With gauge fields one also sets A z = 0. These conditions completely fix the gauge. The resulting computations are thus physical since all redundant degrees of freedom have been eliminated. In a fixed gauge one can reproduce bulk calculations using boundary data, and since the boundary data comes from a unitary field theory this constitutes holography. From the CFT point of view one corrects the naive smeared operator (constructed to represent a free field in the bulk) by adding higher dimension smeared operators to get a local bulk operator. However these calculations as presented are done in a fixed background metric with a fixed causal structure. This causal structure cannot be circumvented or changed in perturbation theory since it is built in to the hardware of the approach. The approach based on micro-causality and CFT correlators has the same difficulty. One must define a smearing function which is determined by the background metric, and this smearing function cannot be changed in perturbation theory, aside from corrections to incorporate anomalous dimensions.
Besides the question: how local can bulk operators be in this formalism?, one can ask how this formalism could work without an a priori notion of a background. Here we make a few comments on these issues.
In a fixed background the equations of motion for the bulk fields come from a radial Hamiltonian H r . (By radial Hamiltonian we mean the operator which generates radial evolution of fluctuations about this particular background.) Schematically (φ stands for any perturbative field including gravitons on this background)
We also need to impose an initial condition, given by normalizable falloff as z → 0 for each field. The radial Hamiltonian can be explicitly written down in the supergravity approximation. If we had a different background metric then the radial Hamiltonian would be some different operator, but for each background we can think of the radial Hamiltonian as some operator in the CFT, generating the transformation from boundary operators to bulk operators via the map
However the idea that we will just get a different smearing function for each background is still problematic. The construction of smearing functions relies on having a classical spacetime (perhaps with a few perturbative quantum fluctuations). This clearly does not have to be the case for a generic state in the CFT.
The approximation of getting a fixed background with a few supergravity excitations on it involves two steps. First one needs to integrate out all the bulk stringy modes, which in the CFT means integrating out all high dimension operators. Second one must do a semiclassical approximation to get a well-defined background metric. We won't have much to say about the first step, other than that one has to be careful later on when discussing high dimension operators. For instance, in the promotion of a boundary operator to a field in the bulk, one needs to include from the CFT perspective a tower of high dimension operators. If one includes high dimension operators only up to some ∆ max then, according to [8] , a good estimate of the commutator of a bulk operator with a boundary operator (taken to be scalars in AdS 3 ), which are spacelike separated in the bulk but not on the boundary, is
Although non-zero, the commutator is exponentially suppressed away from the bulk lightcone provided ∆ max is large. A nice way to characterize the bulk non-locality associated with a finite value of ∆ max is to ask how far from the bulk lightcone one can go before the commutator becomes exponentially small. This is given by
where R is the AdS radius and S is proper length in the bulk. For ∆ max ∼ (g 2 YM N ) 1/4 -appropriate for stringy modes -one gets δS ∼ l s .
Even if the approximation of integrating out the stringy modes is good it does not mean the CFT state describes a semiclassical space time. In the supergravity approximation we can write down the equations of motion for the metric and matter fields in holographic gauge without choosing a particular background. This is done by replacing the radial Hamiltonian in (91) with the appropriate Hamiltonian for the supergravity system, namely 
and similarly for the conjugate momenta. Once the constraints are satisfied on the initial slice (z = 0) the equations of motion guarantee that they are obeyed at any z. We assume here that
So corrections to the bulk metric come from normalizable modes, with the leading correction for small z being proportional to T µν . This together with ∂ µ T µν = 0 and T µ µ = 0 gives enough initial data to solve the equations.
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The equations of motion can formally be solved to give the bulk fields as functionals of the boundary data.
So far this is independent of the state of the CFT. But now, given some state of the CFT, we would like to obtain a set of bulk operators which look like fields propagating on some semiclassical space time. To do this, to a good approximation one needs to be able to substitute
If this approximation is valid then we are guaranteed that correlators of our bulk operators, calculated in the CFT, will look like correlation function of supergravity fields on a background which solves the Einstein equations with asymptotics set by T µν .
Clearly such an approximation is valid in a CFT state if connected correlation functions of CFT operators obey large N factorization. Thus CFT states with large N factorization will be dual to semiclassical spacetimes, while those which do not obey large N factorization will not have a local spacetime interpretation.
Finally we want to speculate about a method for constructing bulk operators purely within the CFT. It seems possible from the above considerations that one can define a master set of "bulk operators" in the CFT, regardless of the state of the CFT or any low energy approximation. These operators would not have a bulk interpretation, except on a restricted set of states where large N factorization holds. What are these master bulk operators? We propose to extrapolate from the supergravity situation (95). A natural guess is that they are defined by replacing the radial Hamiltonian in (92) with a more fundamental operator in the CFT, such as the exact RG Hamiltonian or Fokker-Planck Hamiltonian (see for instance [21, 22] ).
Conclusions
In this paper we worked out the smearing functions which describe linearized spin-1 and spin-2 excitations in AdS. We showed that bulk locality is respected: although gauge fields and metric perturbations have non-local commutators when one works in holographic gauge, the corresponding curvatures -the field strength for A µ , or the Weyl tensor in the case of gravity -are causal. We also studied massive vector fields, where the vector field itself is causal due to the non-conserved nature of the dual boundary current.
These results could be extended in several directions. For example we computed the smearing function for a Chern-Simons gauge field in AdS 3 . It would be interesting to work out the smearing function for a Maxwell field in AdS 3 , dual to a CFT with a dynamical gauge field [14, 13] (see however [23] ). Our results could be used to study the Maxwell-Chern-Simons theory recently analyzed in [24] . Since the smearing functions are basically fixed by AdS covariance, our results should also apply if there is a duality between AdS 2 and CFT 1 , although the physical interpretation in this context is not so clear.
Perhaps a more interesting direction is to extend our results to include interactions. For massive vector fields we showed how this works in section 5: in a 1/N expansion one adds appropriately smeared higher-dimension vector operators, with coefficients that are fixed by the requirement of bulk causality. It would be very interesting to extend this to gauge fields and metric perturbations, perhaps using the good causal properties of the field strength and Weyl tensor as a guiding principle. Ultimately one might hope to make contact between the 'bottom-up' approach of constructing bulk observables in 1/N perturbation theory, and the 'top-down' approach of section 6 where bulk operators are constructed from a fundamental operator of the boundary theory. ∆ = 0. The mode expansion is φ(t, z) = dω a ω e −iωt cos(ωz). Then a ω = 1 2π dt e iωt φ 0 (t) and φ(t, z) = dt dω 2π e −iω(t−t ) cos(ωz)φ 0 (t ) = 1 2 (φ 0 (t + z) + φ 0 (t − z))
This clearly satisfies the wave equation (∂ .
We now consider the general case of a field with ∆ = d − 1. In any dimension solving for a ωk in terms of φ 0 and plugging back into the mode expansion gives φ(t, x, z) = 
